Binomial [77 marks]

1. [Maximum mark: 4]

Find the coefficient of £ in the expansion of (2:B — 5) = (4]
Markscheme

EITHER

attempt to form a product of binomial coefficient, a power of 2 and a power of —H
seen (M1)

10y(22)%(—5)® or 11C4(22)%(—5)® OR 165 x (22)%(—5)°.  @na

Note:AwardA1for110'8 or 1103 or 165,A1for(2w)8(—5)3.

OR

attempt to use the general term  (M1)

e (22) " (=5) and 7 =3 @nmn
THEN

—5280000 (exact) A1

Note: Award 40 for a final answer of —52800008.

[4 marks]

2. [Maximum mark: 4]

Find the coefficient of 2 in the expansion of (2z — 5)9. (4]



Markscheme

EITHER

attempt to form a product of binomial coefficient, a power of 22 and a power of —H
seen  (M1)

90,(22)°(—5)* or 9C4(22)°(—5)® or 84 x (22)°(—5)° @nmn

Note: Award A7 for 906 or 903 or 84, A1 for (237)6(—5)3.

OR

attempt to use the general term  (M1)

°C (22)" "(~=5)" and T =3 @@
THEN

—672000 (exact) A1

Note: Award A0 for a final answer of —672000z°

[4 marks]

[Maximum mark: 6]
The binomial expansion of (1 + k:c)n is given by
1+ 971; + 15k%z% + ... + "z, wheren € Z* andk € Q.

Find the value of nand the value of k.
Markscheme

attempt to apply binomial expansion M1)



(1+kx)" = 14" Cikx +" Cok*z® + ... R "C1k = % OR
"Cy =15

9
nk = < (A1)

(n—1)
2

n = 150R—%— =15 (A1)

(n—2)12!
(n? —n —30=0)orn(n —1) =30
valid attempt to solve M1)

(n—6)(n—5)=00R6(6 —1) = 30 OR finding correct value in Pascal’s
triangle

=>n==06 A1
_ 3
= k=7 Al

Note: If candidate finds . = 6 with no working shown, award M1A040M1A1A0.

If candidate findsn = 6and k = %with no working shown, award MTA0AOM1A1A1.

[6 marks]

[Maximum mark: 6]
The binomial expansion of (1 + kw)n is given by
1+ 122 + 28k%xz% 4. .. +k™z" wheren € Z andk € Q.

Find the value of 12 and the value of k.
Markscheme

attempt to apply binomial expansion M1)

(1 + kZL’)n =1+" Clk.’L‘ + " Cgk2332 4+ ...0R "C’lk = 12 OR
nCy = 28

nk =12 (A1)

n(n—1)

. — 28 R —2 __ — 928 A1)

(n—2)12!

(6]



n?—n—56=00rRn(n—1) =56
valid attempt to solve M1)

(n—8)(n+7) =00R 8(8 — 1) = 56 OR finding correct value in Pascal’s
triangle

=n=28 A1
_ 3
ék—2 A1

Note: If candidate finds . = 8 with no working shown, award MTA0A0M1A1A0.

If candidate findsn = 8and k = % with no working shown, award M1A0A0M1A1A1.

[6 marks]

[Maximum mark: 7]

8
The coefficient of 22 in the expansion of (a:c3 + b) is448.

10
The coefficient of 2% in the expansion of (am?’ + b) is 2880.

Find the value of @ and the value of b, wherea, b > 0. [7]

Markscheme

product of a binomial coefficient, a power of az3anda power of b seen (M1)
evidence of correct term chosen

forn =8:r = 2(rr =6) OR forn = 10:7 = 2(rr =8) (A1)
correct equations (may include powers of ) AlA1

5§C2a’b’ = 448 (28a”b° = 448 = a*b°® = 16),
10C2a?b8 = 2880 (45a%b% = 2880 = a?b® = 64)

attempt to solve their systemin a and b algebraically or graphically m1)

b:2;a:% A1A1



Note: Award a maximum of (M1)(A1)A1A1(M1)A1A0 forb = +2 and/ora = :l:%.

[7 marks]

[Maximum mark: 6]

. . az+1)° . .
Consider the expansion of ( 21962) ,where a 7§ 0.The coefficient of the term in
:c4 is %aﬁ.

Find the value of a.
Markscheme

Note: Do not award any marks if there is clear evidence of adding instead of

multiplying, for example °C’,. + (ax)g_r + (1)".

valid approach for expansion (must be the product of a binomial coefficient with

n = 9andapowerof ax) (M1)

9C,(az)*"(1)" 0r °C,_ (az)"(1)°" OR
9C,y(az)’(1)° +°C,(az) (1)® + ...

recognizing that the termin 2% is needed (mM1)

. 6
Temins — kg oORr =60RTr =3 0R9—7 =06

correct term or coefficient in binomial expansion (seen anywhere) (A1)

906(a:13)6(1)3 oR ?C,a’z°® or 84(a’z%)(1) or 84a’

EITHER

4

correcttermin ™~ or coefficient (may be seen in equation) (A1)

(6]



'C
2—16a6ac4 OR 4a%z* OR 445

Settheir termin % or coefficient of 2 equal to %a‘r’az‘l or %a"’ (do notaccept

other powers of ) M1)

9

Cy 6.4 _ 8 5 .4 6 _ 8.5

e’z = ~a’z" OR4a’ = ~a

OR

correct term in 2% or coefficient of 26 (may be seen in equation) (A1)

84a5x% OR 844

set their term in 2% or coefficient of 2% equal to 24a® 2% or 24a° (do not accept

other powers of ) M1)

84a%x% = 24a°2% OR 84a = 24

THEN

a=2~0.286(0.285714...) AT

Note: Award AO for the final mark fora = %anda = 0.

[6 marks]

[Maximum mark: 15]

(a.) Expand and simplify (1 — a)3 in ascending powers of Q. [2]
Markscheme

EITHER



attempt to use binomial expansion (M1)

14301 x1x(—a)+3Cy x1x(—a)®>+1x(—a)’

OR

(1—a)(1—-a)(l—a)
=(1-a)(1—2a+a*) M)

THEN

=1—3a+3a2—a% m

[2 marks]

(a.ii) By usinga suitable substitution for a, show that

1 — 3 cos 2z + 3 cos? 2z — cos® 2z = 8 sin® . [4]
Markscheme
a = cos 2x (A1)

so,1 — 3 cos 2z + 3 cos? 2z — cos® 2z =
(1—cos2z)® m

attempt to substitute any double angle rule for cos 2z into (1 — cos 2:13)3
(M1)

= (2 sin? x)g A1

— 8sinf z AG

Note: Allow working RHS to LHS.



[4 marks]

Consider f(z) = 4 cos (1 — 3 cos 2z + 3 cos? 2z — cos® 2z).

(b.)  Show that fO d T = Sln7 m, where m is a positive real
constant. (4]
Markscheme
.. . -6
recognizing to integrate f(4 cos x X 8 sin ZE) dzx m1)
EITHER
appliesintegration by inspection M1)

32 f(cos T X (sin :c)6) dz

032 .7
ssin’ z(+c) A1
32 .+ 7 32 7. 32
[7sm ;U]O (— 7sm m 7sm O) A1
OR
u:sinmé%:cosaz (M1)

f32cosx(sin6w)dx:f32u6 du

= 24" (+c) m

[372 sin’ 9:]0 OR [3—72u7}3inm (: 372 sin’ m — 372 sin O) A1
THEN
32 2 7

=sin’ m AG



[4 marks]

(i) s given that [2 f(z) d z = 22~ where0 < m < 3.Findthe
value of M.
Markscheme
EITHER

fé f(z)d :c<: [32sin’ x]i) = Zsin” 5 — Zsin" m

Rn7 L 32,7 127 _ 7 _ 127
731 : —sin’ m = <g- OR = (1 sin m)_ 58

OR

fo dx—fo d:I:—I—f f(z M1

32 _ 32 127

7
- 7sm m + =4

(m1)

sin’ m = ﬁ (: L) (A1)

[5 marks]

[Maximum mark: 7]

Consider the binomial expansion ( + 1)7 =z’ +axb +bxd + 352 + ...

wherex # Oanda, b € Z™.

mi1

(m1)

+1

(5]



(@)  Showthatb = 21. (2]
Markscheme

EITHER

recognises the required term (or coefficient) in the expansion M1)

bz® = -Cy2°12 OR b = 7C5 OR -C5

b= o (: 2!(7712)!)

correct working Al

TXx6xX5x4x3Ix2x1 Tx6 42
IxIxbxdx3x2x1 OR 3 OR 3

OR

lists terms from row 7 of Pascal's triangle ~ (M1)
1,7, 21,... m

THEN

b=21 46

[2 marks]

(b) The third term in the expansion is the mean of the second term and the
fourth term in the expansion.

Find the possible values of . [5]
Markscheme
a=1717 (A1)

correct equation Al



6 4 6 4
25 = oz —23530 OR 212° = Tz 23593

correct quadratic equation Al
Tx? — 422 + 35 =0 OR 22 — 62 + 5 = 0 (orequivalent)

valid attempt to solve their quadratic (M1)

6=/ (—6)"—4(1)(5)
(x—1)(x—5)=00R z= \/ 0

xr=1, =5 A1
Note: Award final A0for obtainingz = 0, = 1, = = 5.

[5 marks]

[Maximum mark: 5]
In the expansion of (z + k) 7 where k € RR, the coefficient of the term in &
63.

5is

Find the possible values of k.
Markscheme

EITHER

attempt to use the binomial expansion of (33 + k) 7 (M1)

7C’0:1:7k0 + 7C’1w6k1 + 7Czw5k2 + ... (or
7Cok7m0 + 7Clk5x1 + 7C’2k5:c2 +...)

identifying the correct term 702:E5k2 (or 7C5k2x5) (A1)

OR

(5]



attempt to use the general term 'C.z"k ™" (or 'C,k"z""") (M1

r=2(0rr =25) (A1)

THEN
702 =21 (or7C'5 = 21 (seen anywhere) (A1)
21z°k* = 63z° (21k* =63, k> =3) a1

k=+v3 m

Note: If working shown, award M1A1414140 for k = \/g

[5 marks]

10. [Maximum mark: 5]
Consider the expansion of (3 + x2)"+1,wheren <N/

Given that the coefficient of 2% is 20412, find the value of 1. [5]
Markscheme

METHOD 1

product of a binomial coefficient, a power of 3 (and a power of:132) seen  (M1)

evidence of correct term chosen (A1)

n+1C2 X 3n+1—2 X ($2)2 (: n(n2—|—1) X 3n—1 X ZE4> ORNn—r=1

equating their coefficient to 20412 or their term to 20412z* 1)



EITHER

"0, x 3" =20412 @)

OR

M0 x 3T =20412=>7=6 @A

METHOD 2

11
n+1 w_2 "
3 (1+ 3)

2
product of a binomial coefficient,and a power of % OR % seen  (M1)

evidence of correct term chosen (A1)

n 1 2 2 n—1
3t x ”(TZF) X (%) (: 25 n(n+1):134)
equating their coefficient to 20412 or their term to 204122*  m1)

gl x M) — 90412 )

n="7T7 A

[5 marks]

11. [Maximum mark: 6]



9
Consider the expansion of (3:1}2 — %) ,where k > 0.

The coefficient of the term in 25 is 6048. Find the value of k. (6]
Markscheme

*This question isfrom an exam for a previous syllabus, and may contain minor
differences in marking or structure.

valid approach for expansion (must have correct substitution for parameters, but
acceptan incorrectvalueforr). (M1)

€g

(9) (322)" (%), (322)° + (?) (32%)°(—£)" + (2) (32%) " (—4)" + ..

T

valid attempt to identify correctterm  (M1)

eg 2(9—7r)—7r=6, (azz)r(w_l)g_r = 26
identifying correct term (may be indicated in expansion) (A1)
eg =4, r=>5

correct term or coefficientin binominal expansion (A1)

eq (Z) (32%)° (—£)*, 126(2439310)(’;—2), 30618k

correctequationin k(A1)
9
eg (4) (243)(k*)z® = 604825 , 30618k* = 6048

k= % (exact) 0. 667 ATN3

Note: Do notaward A7 if additional answers given.

[6 marks]



12. [Maximum mark: 6]
11
Consider = al,—lg',
a 19!

(a) Find the value of a. [2]
Markscheme

valid approach (M1)

_ 11!
g 11 —a=9 5517
a=2 AN

[2 marks]

(b)  Hence or otherwise find the coefficient of the termin 2 in the expansion

of (z + 3)™". [4]
Markscheme
valid approach for expansion usingm = 11 (M1)

11 11 11
eg ( ):Ell’"?;’", a'lp? + ( ] )alob1 + ( 5 )a%z + ...
r

evidence of choosing correctterm Al

11 11 11
2 992 2
o ()7 (2) ()

correct working for binomial coefficient (seen anywhere, do not accept factorials)
A1

11
@55(2>:ﬂ%55x3%@5xmx%ﬂ§£x9

495 A1 N2



Note: If there is clear evidence of adding instead of multiplying, award A7for the
correct working for binomial coefficient, but no other marks. For example,

5529 x 32 would earn MOA0ATAO.

Do notaward final A1 for a final answer of 49529, even if 495 is seen previously. If no

working shown, award N1 for 4957 .

[4 marks]
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